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THE LOVÁSZ EXTENSION OF MARKET GAMES

ABSTRACT. The multilinear extension of a cooperative game was introduced by Owen in 1972. In this contribution we study the Lovász extension
for cooperative games by using the marginal worth vectors and the dividends. First, we prove a formula for the marginal worth vectors with respect
to compatible orderings. Next, we consider the direct market generated by a
game. This model of utility function, proposed by Shapley and Shubik in
1969, is the concave biconjugate extension of the game. Then we obtain the
following characterization: The utility function of a market game is the
Lovász extension of the game if and only if the market game is supermodular. Finally, we present some preliminary problems about the relationship between cooperative games and combinatorial optimization.
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1. INTRODUCTION

The Owen extension of a cooperative game is introduced by
Owen (1972) as a multilinear polynomial in n real variables,
where the coeﬃcients are the dividends of the coalitions. The
main applications of this extension were obtained with the
construction of formulas for the Shapley and Banzhaf values.
The Lovász extension of a convex game satisﬁes an optimization
property on the core of the game. We show that this property
implies a new formula for the Lovász extension of every cooperative game. Moreover, the coeﬃcients of this extension are
also the dividends of the coalitions. Market games and totally
balanced games are the same ones and the utility function of the
traders in a direct market is continuous and concave. In this
paper we prove that the utility function is the Lovász extension
of the game if and only if the game is supermodular.
Let us brieﬂy outline the contents of our contribution. In the
next section, we provide deﬁnitions and preliminaries results on
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cooperative game theory. In Section 3 we deﬁne market games
and some of their classical properties are described. Section 4 is
devoted to introduce the Lovász extension of a cooperative
game and the link between duality for convex–concave functions and duality for submodular–supermodular functions. The
precise statement was proved by Lovász (1983): A set function
is submodular if and only if its Lovász extension is convex.
Section 4 also includes the representation of Lovász extension
using dividends. Section 5 oﬀers the characterization of the
utility function of the traders in a direct market. The ﬁnal
section contains an outline of the implications and consequences for game theory of this new link between cooperative
game theory and combinatorial optimization.
2. PRELIMINARIES

A cooperative game ðN; vÞ is a function v : 2N ! R with
vðØÞ ¼ 0. The players are the elements of the ﬁnite set
N ¼ f1; . . . ; ng, and the coalitions are the subsets S  N. To
every coalition S is associated its characteristic vector eS , deﬁned by

1 if i 2 S;
S
ðei Þi2N ¼
0 if i 62 S:
This is the natural correspondence between 2N and f0; 1gn .
Through this identiﬁcation of coalitions with their characteristic vectors, a cooperative game is a function v : f0; 1gn ! R
with vð0Þ ¼ 0.
Unanimity games are considered in order to obtain several
extensions of a cooperative game in terms of its dividends. For
any S  N, S 6¼ Ø,

1 if T  S;
uS ðTÞ ¼
0 otherwise
is called the S-unanimity game. Every game v is a linear combination of unanimity games, that is,
X
v¼
aS ðvÞuS ;
SN
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where the coeﬃcients faS ðvÞ : S  N; S 6¼ ;g are the dividends
of the coalition S in the game v. Any cooperative game ðN; vÞ
has a unique expression as a multilinear polynomial in n discrete variables:
!
Y
X
aS ðvÞ
xi ; x 2 f0; 1gn :
vðxÞ ¼
SN

i2S

This polynomial expression using real variables was introduced
in game theory by Owen (1972) as the multilinear extension
f : ½0; 1n ! R, of the cooperative game v : f0; 1gn ! R. Then,
we have fðeS Þ ¼ vðSÞ for all S  N. Owen showed that the
Shapley and Banzhaf values are given by
Z 1
of
ðt; . . . ; tÞ dt;
Ui ðN; vÞ ¼
0 oxi


of 1
1
; . . . ; ; 1  i  n:
bi ðN; vÞ ¼
oxi 2
2
Let us recall some classical solution concepts for cooperative
games. The core of a game ðN; vÞ is the set
CoreðvÞ ¼ fx 2 Rn : xðNÞ ¼ vðNÞ; xðSÞ  vðSÞ for all S  Ng;
P
where for any S  N; xðSÞ ¼ i2S xi and x(Ø) = 0.
Let us assume a total ordering of the elements of N, deﬁned
by i1 < i2 <    < in . Given the previous ordering C, consider
the following chain of coalitions:
C0  C1      Cn1  Cn ;
where C0 ¼ ; and Ck ¼ fi1 ; i2 ; . . . ; ik g, k ¼ 1; . . . ; n. The marginal worth vector aC 2 Rn with respect to the ordering C in the
game ðN; vÞ is given by
aC
ik ¼ vðCk Þ  vðCk1 Þ;

k ¼ 1; . . . ; n:

The Weber set of the game ðN; vÞ is the convex hull of the
marginal worth vectors, i.e., WeberðvÞ ¼ convfaC : C is an
ordering of Ng. Convex games were introduced by Shapley
(1971). A game ðN; vÞ is convex if for every S; T 2 2N ,
vðS [ TÞ þ vðS \ TÞ  vðSÞ þ vðTÞ:
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It is easy to prove that aC ðCk Þ ¼ vðCk Þ for k ¼ 1; . . . ; n.
Weber (1988) showed that any game satisﬁes CoreðvÞ 
WeberðvÞ and Ichiishi (1981) proved that if WeberðvÞ  CoreðvÞ
then ðN; vÞ is a convex game. Thus, these results imply the
following characterization of convex games.
THEOREM 1. The cooperative game ðN; vÞ is convex if and
only if CoreðvÞ ¼ WeberðvÞ.
3. MARKET GAMES

We consider a game model of a pure exchange economy. Let
N ¼ f1; . . . ; ng be the set of traders and we suppose that they
participate in a market encompassing trade in m commodities.
The space Rm
þ is considered as the commodity space. Every trader
i 2 N is characterized by means of an initial endowment vector
m
wðiÞ 2 Rm
þ and by a utility function ui : Rþ ! R which measures
the worth, for him, of any bundle of commodities. The individual
utility functions ui are continuous and concave. The four components vector M ¼ ðN; m;PfwðiÞ gi2N ; fui gi2N Þ is called a market.
We denote by wðSÞ ¼ i2S wðiÞ 2 Rm
þ the aggregate endowment of the coalition of traders S. Then, wðSÞ can be reallocated as a collection P
faðiÞ : i 2 Sg of bundles such that each
ðiÞ
m
a 2 Rþ and aðSÞ ¼ i2S aðiÞ ¼ wðSÞ. Denote by AðSÞ the set
of these collections. Since the individual utility functions are
continuous and AðSÞ is a compact set, we can deﬁne a cooperative game ðN; vM Þ as
(
)
X
ui ðaðiÞ Þ : faðiÞ : i 2 Sg 2 AðSÞ ;
vM ðSÞ ¼ max
i2S

for all S  N. This model is called a market game (see Kannai,
1992), and it corresponds to the original market in a natural
way.
A game ðN; vÞ is totally balanced if for P
all S  N and all eS T
S
balanced collection,
TN cT e ¼ e and
P i.e., fcT gTN with
cT  0, satisﬁes
TN cT vðTÞ  vðSÞ. The following result is
due to Shapley and Shubik (1969).
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THEOREM 2. A game is a market game if and only if it is
totally balanced.
4. THE LOVÁSZ EXTENSION

We now consider an extension of a cooperative game ðN; vÞ to a
function on Rn . We say that a non-negative function
f : 2N ! Rþ is a weighted chain if the family X ¼ fS  N :
fðSÞ > 0g is a chain, i.e., S  T or T  S for every pair
S; T 2 X. To every weighted chain f, we associate a non-negative vector
X
fðSÞeS 2 Rnþ
x¼
SN

called the depth vector of f. This is a one-to-one correspondence: for a non-negative vector x 2 Rnþ let 0  x1 <
x2 <    < xk be the components of x with diﬀerent value and
let Sp ¼ fi 2 N : xi  xp g. Then we deﬁne

if S ¼ Sp ;
xp  xp1
fx ðSÞ ¼
0
otherwise ,
where x0 ¼ 0. Obviously fx is a weighted chain and its depth
vector is x.
Let ðN; vÞ be a cooperative game. There is a natural way of
extending v : 2N ! R to all non-negative real vectors.
DEFINITION 1. Let x 2 Rnþ be a non-negative vector and fx
its weighted chain,Pthe Lovász extension of v is v^ : Rnþ ! R
deﬁned by v^ðxÞ ¼ SN fx ðSÞvðSÞ.
The function v^ is an extension of v because v^ðeS Þ ¼ vðSÞ for
all S  N and it has the following properties:
1.
2.
3.

v^ is positively homogeneous, i.e., v^ðkxÞ ¼ k^
vðxÞ for all k  0.
d
v1 þ v2 ¼ vb1 þ vb2 .
b ¼ k^
kv
v for all k 2 R.

Lovász (1983) proved the following characterization of the
supermodular functions.
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THEOREM 3. A function v : 2N ! R is supermodular if and
only if the Lovász extension v^ of v is concave.
Note that convex games are supermodular functions with
vð;Þ ¼ 0. Moreover, the Lovász extension of a supermodular
function satisﬁes (see Fujishige, 1991) the next optimization
property: v^ðxÞ ¼ minfhx; yi : y 2 PðvÞg for all x 2 Rnþ , where
PðvÞ ¼ fy 2 Rn : yðSÞ  vðSÞ for all S  Ng:
The Lovász extension is strongly related to the greedy algorithm. An ordering i1 < i2 <    < in is compatible with the
vector x 2 Rnþ if xi1  xi2     xin  0. We obtain a formula for
the marginal worth vectors with respect to x-compatible
orderings in convex games.
THEOREM 4. Let ðN; vÞ be a convex game and let x 2 Rnþ . The
marginal worth vector aC with respect to an x-compatible
ordering C satisﬁes
v^ðxÞ ¼ minfhx; yi : y 2 CoreðvÞg ¼ hx; aC i:
Proof. If v is a convex game then Theorem 1 implies that
aC 2 CoreðvÞ  PðvÞ and hence we obtain the result if we prove
hx; yi  hx; aC i for all y 2 PðvÞ. If y 2 PðvÞ then the summation
by parts implies that
"
#
n
n1
k
n
X
X
X
X
xik yik ¼
ðxik  xikþ1 Þ
yij þ xin
yij
hx; yi ¼
k¼1



k¼1

j¼1

j¼1

n1
X
ðxik  xikþ1 ÞvðCk Þ þ xin vðCn Þ
k¼1

¼

n
X

xik ½vðCk Þ  vðCk1 Þ

k¼1

¼

n
X

C
xik aC
ik ¼ hx; a i:

(

k¼1

Our next theorem gives the formula for computing the Lovász
extension using dividends.
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THEOREM 5. Let ðN; vÞ be a game with dividends
S  N; S 6¼ ;g . Then the Lovász extension of v satisﬁes
faS ðvÞ :P
v^ðxÞ ¼ SN aS ðvÞ mini2S xi , for all x 2 Rnþ .
Proof.
Properties 2 and 3 of the Lovász extension imply that
P
v^ ¼ SN aS ðvÞubS . Every unanimity game uS is a convex game
and we can use the optimization property showed in Theorem
4. Thus,
ubS ðxÞ ¼ minfhx; yi : y 2 CoreðuS Þg
¼ minfhx; ei i : i 2 Sg ¼ min xi ;
i2S

where the second equation follows from the characterization of
the core for unanimity games (see Einy and Wettstein, 1996):
(
CoreðuS Þ ¼ WeberðuS Þ ¼ convfei : i 2 Sg:
REMARK. Driessen and Rafels (1999) have studied several
characterizations for the Lovász extension of k-convex games.
5. THE UTILITY FUNCTION

For every totally balanced game ðN; vÞ we consider the following direct market M0 ¼ ðN; n; fei gi2N ; uÞ, where u is the
same utility function for all traders, given by
(

uðxÞ ¼ max

X

)

cT vðTÞ : fcT gTN is an x-balanced collection :

TN

This utility funcion is the concave biconjugate extension v
of the game v (see Fujishige, 1991). Every convex game is totally balanced. In this case we obtain the following property of
the Lovász extension.
THEOREM 6. Let ðN; vÞ be a totally balanced game with
common utility function u : Rnþ ! R. Then ðN; vÞ is convex if and
only if its Lovász extension v^ ¼ u.
Proof. The utility function is the solution of the next linear programming problem: uðxÞ ¼ maxfhc; vi : Ac ¼ x; c  0g,
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where c ¼ ðcT ÞTN , v ¼ ðvðTÞÞTN and the matrix A ¼
ðeTi Þi2N;TN . The dual problem is
uðxÞ ¼ minfhx; yi : yT AT  vg ¼ minfhx; yi : y 2 PðvÞg:
If the game ðN; vÞ is convex then v is supermodular and the
optimization property implies v^ ¼ u. Conversely, if the utility
function satisﬁes u ¼ v^ then v^ is concave and Theorem 3 implies
that ðN; vÞ is a convex game.
(

6. OPEN PROBLEMS

The optimization of non-linear functions over the core of a
submodular or supermodular function was considered by Fujishige (1991) who extended the Fenchel’s duality theory. Also,
he introduced the concept of subdiﬀerential of a submodular
function. A theory for discrete optimization (non-linear integer
programming), called discrete convex analysis was developed by
Murota (1998). This theory includes functions deﬁned on the
integral points in the core of a game.
Some problems about the new relationship between cooperative games and combinatorial optimization are:
1. To apply the Fenchel min–max duality theory and Murota’s
discrete convex analysis to game theory.
2. To introduce the subgradient vectors and subdiﬀerential sets
(see Fujishige, 1984) in cooperative game theory.
3. To study the relationships between the Shapley and Banzhaf
values of a game and the subdiﬀerential of its Lovász
extension.
Martı́nez-Legaz (1996) introduced the indirect function
p : Rn ! R of a cooperative game ðN; vÞ by pðxÞ ¼ maxfvðSÞ 
xðSÞ : S  Ng, for all x 2 Rn . Note that the utility function u of
the direct market induced by a totally balanced game satisﬁes
uðxÞ ¼ minfhx; yi : y 2 PðvÞg ¼ minfhx; yi : y 2 p1 ð0Þg:
We propose the following two additional questions for market
games:
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4. Is there another extension with the utility function property
for totally balanced games?
5. To study the relationship between the indirect function of a
game and its Lovász extension.
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